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New Three-Dimensional Inverse Method
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An inverse design method for fully three-dimensional supersonic and hypersonic bodies was developed for
computercodes based on the Eulerequations.The method is designed tobe easily incorporatedinto existing analysis
codes. The aim of the method is to providethe aerodynamicdesigner with a powerful tool for design of aerodynamic
shapes of arbitrary cross section. Convergence acceleration techniques were developed and applied successfully
to three-dimensional test cases. A three-dimensional body geometry modi� cation method was developed with
a new concept for the three-dimensional body slope angle. Examples are presented applying the method to a
nonaxisymmetricfuselage-type pressure distributionand a cambered wing-type application.The method performs
equally well for both nonlifting and lifting cases.

Nomenclature
A ML = coef� cient of surface pressure-bodyshape rule;

Eqs. (10) and (12)
a = major axis length
b = minor axis length
Cp = pressure coef� cient
C T

p = target pressure coef� cient at the body surface
c = coef� cient de� ned by Eq. (13)
i = marching plane index
jdim = number of grid points along the circumferential

direction
k = inverse iteration count
l = total body length
ML = local Mach number at the body surface
M = freestream Mach number
n = unit normal vector in each grid cell
P = slope of the line between points B and C; Eq. (20)
R = body radius
s = circumferential distance
u, , = velocity components in x , y, and z directions at the

body surface
V = freestream velocity
x , y, z = physical coordinates
ymax = maximum value of y at the end of a body

= angle of attack
= ratio of speci� c heats

1 , 2 = convergence criteria for the inverse calculation
= body slope angle between surface normal vector and

freestream
0 = body slope angle obtained from the surface

streamline
1 = corrected body slope angle

= constant; Eq. (14)
= circumferential angle

Introduction

A ERODYNAMIC analysis methods have progressed very
rapidlywith the developmentof computational� uid dynamics
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(CFD). With renewed interest in design concepts for application to
the high-speedcivil transport or space launchers as new-generation
vehicles,1 practical aerodynamicdesign methods in the supersonic-
and moderated-hypersonic-speed range are required. However, de-
sign methods have not received the same level of attention that
analysis methods have received. The need for inverse methods has
been cited as a pacing item in at least one advanced supersonic
technology study.2

Candidateaerodynamicdesignmethodsaregenerallydividedinto
two categories: inverse methods and numerical optimization using
direct analysis methods. These two design methods are contrasted
in Ref. 3.

Although numerous inverse designmethods have beendeveloped
previously, most of them are directed toward wing design at tran-
sonic speeds.4 5 Less effort has been devoted to the development
of inverse methods for supersonic and hypersonic bodies.6 This is
especially true for arbitrary three-dimensionalbodies.Furthermore,
an important consideration in supersonic/hypersonic design is the
use of methods that exploit the space-marchingtechniquesavailable
for high-speed � ow. Finally, the issue of determining the planform
shape as well as body contours within a speci� ed planform outline,
which is the usual case with transonic/subsonic inverse methods,
must be considered.

A new inverse method, which accounts fully for three-dimen-
sional � ow� elds and body shapes for supersonic and hypersonic
bodies, is developed.This inversemethod is intended to be a method
that can be readilyincorporatedintoexistinganalysiscodes.Consid-
erable effort is devoted to the developmentof a method demonstrat-
ing rapid convergencedue to the large computationaltimes required
in three-dimensional � ow� eld analysis. Convergence acceleration
techniques are proposed and demonstrated, and the method is ap-
plied to two three-dimensionalbody test cases at angle of attack.

Description of the Method
The three-dimensional inverse method is an extension of a

method for axisymmetric bodies.6 The method is speci� cally de-
signed for conditionswhen space marching is valid, namely, super-
sonic/hypersonic � ow with no recirculation. The geometry at each
downstream station x is determined before proceeding to the next
station;an iterativeprocedure is followed at each station.One initial
plane of data, including pressure and geometry, is required to start
the calculation. To develop an inverse method in three dimensions,
the following key factors of the procedure must be considered.

1) A grid point for the kth iteration at a speci� ed station is not a
grid point for the k 1st iteration.Both y and z componentsof each
gridpoint in thecross� ow planechangeduring the inverseiterations,
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andnumerical interpolationand curve� tting are inevitablyrequired.
The interpolation procedures must be robust. The speci� cation of
the target pressure distribution requires special consideration.

2) The body slope angle and its sign (positiveor negative), which
can be clearlyde� ned in the two-dimensionalor axisymmetriccase,
should be newly de� ned because the slope of the surface streamline
cannot be described by only one body slope angle.

General Approach
Two approachesfor the three-dimensionalinversemethod can be

considered:One corrects thebodygeometryon theaxial surfacegrid
line and the other on the surface streamline. In two-dimensional or
axisymmetric � ow, there is no differencebetween the axial grid line
and the streamline at the surface. In general, these two are different
for three-dimensional� ow.

In the approach using the grid line, the new surface grids are ob-
tained directly from the inverse procedure; numerical interpolation
and curve � tting are not necessary. In three dimensions, there is no
obvious physical basis for the surface geometry correction along a
grid line, and thus this approach is not appropriate.

In the streamlineapproach,surfacegeometry is adjustedalong the
surface streamline by applying a two-dimensional pressure-shape
rule along the streamline to obtain the actual three-dimensional
body modi� cation. This provides a rational basis for adjustment
of the shape to attain a speci� ed pressure distribution. Davis7 also
used this approachfor supersonicconical � ow. In this approach,nu-
merical interpolationand curve � tting are neededfor each inverse it-
eration because the coordinatesof the modi� ed bodyare not the grid
points. Inasmuch as the surface pressure-body shape rules,6 which
will be discussed in detail in the next section, are derived based
on two-dimensional theory, application of the rules along surface
streamlines is the most physically appropriate method of modify-
ing the three-dimensional body geometry with a two-dimensional
surface pressure-bodyshape rule.

The present method will be applied using the Euler equations to
describe the � ow� eld. The streamlineapproachfor the modi� cation
of the body geometry is selected and developedbecauseof its phys-
ical basis. One consequence of a three-dimensionalmethod is that
the planform semispan ymax is obtained during the inverse iteration
rather than given as an input. If it is � xed or given as an input, the
problem statement is not fully three dimensional in a strict sense.
Using this iterative method, the initial estimate for the body shape
at the station where the pressure is speci� ed can be arbitrary, and
different initial body shapes will be used here to demonstrate the
method. However, to accelerate the convergence, it is better to de-
� ne an initial body shape using the surface pressure-bodygeometry
relations and the solution at the previous plane.

Because the planform shape changes during the inverse itera-
tions, the method of specifying the target pressure distribution is
not obvious. Several possibilities can be considered. The circum-
ferential angle , circumferential distance s, or the y (spanwise)
coordinate could be used. The � rst two methods are not appropriate
in the present inverse procedurebecauseof the dif� culty of de� ning
the points in the crossplane. The third method is the most appli-
cable approach. The target pressure will be given by y coordinates
nondimensionalizedby the semispan length in each cross� ow plane.
That means the target pressure locations change as the body shape
changes.In comparisonto the two-dimensionalcase, the questionof
scale arises, and the speci� cation of a pressure distribution is more
complicated in the three-dimensionalcase.

Two convergence criteria are introduced. One is the tolerance
for maximum difference of the pressure coef� cient to the target
C p across the cross� ow plane, and the other is the total grid point
average of root mean square of the same difference:

C p max maximum of C T
p C p j for j 1 jdim 1 (1)

C p2
C T

p C p j

2

jdim 1
(2)

The typical values of these criteria are C p max 1 0 001 and
C p2 2 0 0005.

The inverse procedure starts with a given freestream Mach num-
ber, initial body shape and pressuredistributionat an upstream data
plane, and speci� ed target pressures at downstream stations. The
method steps one grid plane at a time, using the same approach
at each cross� ow plane station. At each station, an initial estimate
i is made for the geometry, and the surface pressure distribution
is obtained from an Euler code. Using the difference between the
pressuresobtainedfor thecurrentiterationgeometryand targetpres-
sure distribution,updated body geometry at the i th marching plane
is obtained. The details for the process are included in the three-
dimensional inverse procedure explanation in the next section. The
process is repeated until convergence is achieved.

Detailed Methodology
The three-dimensional inverse method begins by adjusting the

surface geometry in the plane of the surface streamline,which is the
plane de� ned by points A, B, and C in Figs. 1a and 1b. Point A is
a cell-centered point between the � rst and the i th cross� ow plane,
which is knowna priori.Point B is a point locatedin the i th cross� ow
plane, which has the same y and z coordinatesas point A. Point C is
obtained from the surface streamline vector and point B. The body
surface slope angle is also obtained from the surface streamline.
Using the surface pressure-body geometry rule,6 an updated body
geometry(pointD) is obtained.DP and DM in Figs. 1a and1b denote
geometrypointD with positiveandnegative 1, respectively.Finally,
the new grid points are generated from the updated body geometry
using numerical interpolationand curve � tting. The details of each
step are given as follows.

De� nition of 0

The slope angle of the three-dimensional body is usually de-
� ned as the angle between the surface normal vector and freestream
velocity vector:

sin a
V
V

n (3)

However,thisde� nitionof is not adequatefor thepresentinverse
procedure. The body shape is modi� ed on the surface streamline,
which cannot be uniquely determined by a alone. Thus, the body
slope angle must be de� ned in a different way. In the new inverse
method, is de� ned as the angle between the streamline and the x

a) Overall orientation

b) Detailed point de� nition

Fig. 1 Body geometry correction along the surface streamline.
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axis. This angle is used for body modi� cation, whereas a is used
to calculate A ML , which is an approximate relation between
changes in pressure and changes in slope along the streamline (as
investigatedin Ref. 6). Because A ML a is derived from the local
inclination method, A ML a is de� ned by the equation

C p A ML a (4)

For the zero-angle-of-attackcase, there is typically only a small
difference between and a , and the converged body geometry
can be obtained using only . For the nonzero-angle-of-attack case,
the effect of a is large, and a convergedbody geometry will not be
obtainedwithoutconsidering a .The bodyslopeangle is expressed
by the surface velocity vector

0 j cos 1 u j

u2
j

2
j

2
j

1
2

(5)

Next consider yC and zC (y and z coordinates of the point C in
Figs. 1a and 1b). AC is the surface streamline that passes through
point A and is known. C is the intersection point of the surface
streamline to the cross� ow plane of the i th station.The values of yC

and zC can be easily determined using surface velocity components
u j , j , and j from

yC j yB x 2 j u j (6)

zC j zB x 2 j u j (7)

Sign of 0

As can be seen in Eq. (5), the sign of 0 is not known. The sign
is found by considering the length from the point O as shown in
Fig. 1b, i.e.,

0 j 0 j for rC rB (8)

0 j 0 j for rC rB (9)

where rB and rC are the distances from the x axis to points B
and C, respectively. This procedure is needed to apply local two-
dimensionaltheoryalonga streamlinein the three-dimensionalcase.

A ML a and 1

Here 1 is obtained by the surface pressure-body geometry rule,
which was investigated by the authors in a previous paper.6 Two
surface pressure-body geometry rules that have good convergence
behavior6 are selected: the shock-expansion rule and the tangent-
cone rule.

With the shock-expansionpressure-shaperule,

A ML a m cos 2 ML 1 m sin a

3
16 1 2m sin2

a (10)

where

m2 M2
L

M2
L 1

(11)

With the tangent cone pressure-shaperule,

A ML a 2 a
1
2
c

1
2

a (12)

where

c 5 M
3
2

L

1

(13)

and

2 1 7

3 2
(14)

For each body point, 1 can be calculated from

1 j 0 j

C T
p C p j

A ML a

(15)

Because the tangent-cone rule is not applicable for negative body
slope regions,6 the shock-expansion rule is selected; it is valid for
all body slopes.

Corrected Body Geometry (yD , zD )
Coordinates yD and zD (y and z coordinates of the point D in

Figs. 1a and 1b) are the corrected surface geometry by the new
surface slope angle 1. In Figs. 1a and 1b, the points B, C, and D lie
on the same line, and line AB is perpendicularto line BD. Therefore,
the coordinates yD and zD are obtained by

yD j yB j dyD j (16)

zD j zB j dzD j
(17)

where

dyD j

tan 1 j

1 P2
j

x

2
(18)

dyD j Pj dyD j (19)

with

P j

zC j zB j

yC j yB j

(20)

To select only one value (y and z coordinates) from Eqs. (16) and
(17), the distances from the x axis are calculated for points B, C,
DP , and DM . These distances are denoted by rB , rC , rDP , and rDM ,
respectively.By comparingrDP and rDM with rB and by considering
the signof 1, DP or DM is selectedas a new bodypoint.Speci� cally,
DP is selected as a new body point D when rDP is greater than rB

and the sign of 1 is positive; DM is selected when rDP is smaller
than rB and the sign of 1 is positive. For the negative value of 1,
DP is selected as a new body point D when rDP is smaller than
rB . DM is selected when rDP is greater than rB . The rationale of
this selection procedure is based on the three-dimensionalconcept
of body slope angle. The procedure is repeated until the difference
between the target pressure and the pressure at iteration level k
satis� es the convergence criteria.

Methods of Accelerating the Convergence
The converged body shape can be obtained reliably using the

procedure just described.Typically, at least 10 inverse iterations are
required for the test cases presented in the next section.Thus, an im-
provement in the convergencebehavioris desired inasmuchas rapid
convergenceis an important considerationin developinga practical
method. Four convergence acceleration methods are considered.

Reduced Grid Density
Althoughthe numberof gridpointsat eachcross� owplaneshould

be large enough to obtain an accurate body shape with any distri-
bution of the interpolation input points, considerationwas given to
reducing the grid density. (Dense three-dimensional grid calcula-
tions usually require large computational times.) Cross� ow plane
grids of 41 30 and 31 20 are examined in the next section.



476 LEE AND MASON

Unconverged Intermediate Design Solutions
The usual convergence criterion adopted for CFD analysis is a

four-order-of-magnitudedecrease in the residual.This takes a large
computational time, especially for the last order-of-magnitude de-
crease of the residual. Thus, it is proposed to use a convergence
criterion that is not as strict, namely, a two-and-one-half-order-of-
magnitudedecreasein residual.In otherwords, solutions(velocities,
pressures, and local Mach numbers) that were not fully converged
are used to begin the next inverse iteration. The starting residual
values decrease as the inverse iterations progress. Thus, the present
convergencecriterion provides quite accurate results in the � nal in-
verse iteration and in addition reduces the computationaltime. This
approach results in an approximately threefold decrease in time to
obtain a design solution.

Regula-Falsi Root-Finding Scheme
In Ref. 6, the inverse problem was considered as a root-� nding

problem, where the root is the geometry that produces a zero differ-
ence between the target Cp and the C p produced by the body shape.
By applying the regula-falsiroot-� nding scheme to the axisymmet-
ric inverseproblems,theconvergencebehaviorwas dramaticallyim-
proved. Therefore, the regula-falsi scheme is introduced again and
demonstrated for the three-dimensionalexample calculations.This
method resulted in approximately 1.5–5 times faster convergence.

Iteration in Real Sense
Because the surface pressure-body geometry rule is derived for

zero angle of attack, a modi� cation to the method is needed to
accelerate the convergence when the effect of angle of attack is
considered. In the normal operation of the method, 0 at the k 1st
iteration level is obtained from the updated body geometry, not
from 1 at the kth iteration level. To accelerate convergence,replace

k
1 with k 1

0 when C p2 is relatively small (typically Cp2
0 005).

Using these four convergence acceleration techniques, the con-
vergence is 10–20 times faster than the basic method, resulting in
very signi� cant savings in computational time. Each of these con-
vergence acceleration methods is applied to the test cases and is
discussed in detail in the next section.

Results and Discussion
The new three-dimensional inverse procedure that was just de-

veloped and explained is now applied to test cases in the supersonic
(M 3 0) and hypersonic (M 6 28) � ow regimes. Two body
geometries, an elliptic cone and a winglike nonconical cambered
body, are consideredat various angles of attack. The test cases were
computedusing the computer code CFL3DE.8 Grids of 41 30 and
31 20 cross� ow plane points (circumferentialand radial distribu-
tions, respectively) were selected based on previous work.9 (Grid
density convergencewas studied for power-law bodies over a wide
Mach number range in Ref. 9.) Typical computational time for one
cross� ow plane calculation of both test cases was 5–6 min for the
41 30 grid and 2–3 min for the 31 20 grid system on an IBM
3090 computer.

Using the relatively simple body geometry (elliptic cone) to es-
tablish a target pressuredistribution,several numerical experiments
were performed. Using the information from these numerical ex-
periments, the method was � nalized.

1) The convergence acceleration techniques that were proposed
in the preceding section (reducing the grid density, using uncon-
verged intermediatesolutions,applying the regula-falsiroot-� nding
scheme, and iteration in real sense) were applied and tested one by
one.

2) By considering several different initial body geometries for
the same target pressuredistribution,the capabilityof the method to
� nd the planform shape and the exact body geometry was proven.

3) The effect of different surface pressure-body geometry rules
was investigated.

4) The capability of the method to � nd the exact geometry for a
body with angle of attack of 10 deg is demonstrated.

5) From the examplecalculationof the winglike nonconicalcam-
bered body, the capability of the method to � nd the body geometry

Fig. 2 Comparison of surface pressure coef� cient with experimental
data for the elliptic cone test case: M = 5.8 and = 10 deg.

Fig. 3 Convergence behavior of the elliptic cone test case for different
grid densities and regula-falsi option; initial ymax = 0.26663,M = 6.28,
and = 0 deg.

that has a rapid pressure variation across the cross� ow plane was
investigated.

Before making inverse calculations,the present applicationof the
basic analysis code was validatedby making computationand com-
paring the results with previously obtained results. The calculation
was performed for an elliptic cone (ratio of major axis length to mi-
nor axis length a b 2 0) at M 5 8 and 10 deg. As shown
in Fig. 2, the pressure coef� cients at the body surface are in good
agreement with the experimental results,10 except in the region of
separation (15 50 deg). This experimental case was previ-
ously used by Siclari and Rubel11 to validate a computational tech-
nique for correcting potential � ow solutions, and identical results
were obtained. Having veri� ed the basic accuracy of this analysis
code, the inverse calculations were undertaken.

Elliptic Cone Test Case
The elliptic cone is a simple nonaxisymmetricbody shape,which

is a goodcandidatefor evaluationof the method.To test the method,
the pressuredistributionobtainedfrom an analysiscalculationof the
known body geometry is speci� ed as a target pressure distribution,
and an arbitrary body geometry is used as an initial body shape.

The convergenceaccelerationtechniquesalreadydiscussed were
tested for different initial body geometries (ymax initial 0 26663
and 0.4) at M 6 28 and 0 deg. Results are shown in Fig. 3,
where the effects of grid density and the regula-falsi scheme are in-
vestigated for the ymax initial 0 26663 case. Only a small improve-
ment in convergence was obtained using the higher grid density.
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Fig. 4 Body geometry convergence of the elliptic cone test case: M =
6.28 and = 0 deg.

Fig. 5 Body geometry convergence of the elliptic cone test case: M =
6.28 and = 10 deg.

The advantages of the regula-falsi scheme are clearly shown. As
two normal operations of the inverse method were needed to start
the regula-falsi scheme, Cp2 at the � rst two inverse calculations
with and without regula-falsischeme are the same. Then the regula-
falsi method takes effect, and Cp2 decreases rapidly as the itera-
tions progress. It took only four to � ve inverse iterations to obtain
a converged body geometry using regula-falsi. Even with the nor-
mal operation of the method, the converged body geometry was
obtained within 10 inverse iterations.More than a factor of 10 sav-
ings in computationtime can be obtainedby using these techniques.
The convergenceof the body geometry for each inverse iteration is
shown in Fig. 4 for the case using an initial ymax 0 2. During the
iterationthe bodygeometrychangedarbitrarilyand convergedto the
exact body geometry within six inverse iterations. From Figs. 3 and
4 it is seen that the method works well: The initial body geometry
can be speci� ed nearly arbitrarily,and the convergenceacceleration
techniquesalso work.

The possible complications due to angle of attack were consid-
ered for the elliptic cone at M 6 28. Body geometry and C p

convergencebehavior are shown in Figs. 5 and 6. The convergence
acceleration techniques (including the use of iteration in real sense)
were also applied for this inverse calculation.The results show that,
even with the presence of a pressure peak, the converged body ge-
ometry was found within about six iterations.

For several initial body geometries (ymax 0 2, 0.26663, and
0.4), the present inverse method is also applied at supersonic speed
(M 3 0) with and without the regula-falsi scheme. The results
are shown in Fig. 7 for the case with initial ymax 0 4. Converged
body geometrieswere obtainedwithin six to eight iterationswithout
the regula-falsi scheme and four to six iterations using the regula-
falsi scheme.

Fig. 6 Pressure coef� cient convergence of the elliptic cone test case:
M = 6.28 and = 10 deg.

Fig. 7 Body geometry convergence of the elliptic cone test case: M =
3.0 and = 0 deg.

Winglike Nonconical Cambered Body
Another case was selected to evaluate the method for cases with

larger variationin pressurearound the leadingedge.The nonconical
cambered body is a relatively simple three-dimensionalbody, but it
has a rapid decrease in surface pressure near the attachment line as
the � owexpandsaroundtheedge.Thus, thisbodygeometryis agood
test case for the three-dimensional inverse procedure development
and providesa demonstrationof its robustness.Conically cambered
shapes at supersonic speed were investigated in detail in Ref. 12.

To reduce the computation time, 3
4

of the body length from the
nose was taken to be an ellipticconeshape.The remainingportionof
the body was a nonconical 3

4
-power-law shape. The cross-sectional

body geometry in each marching plane was determinedby the cam-
ber angle at the ymax point, the base elliptic cone (a b 3), and the
3
4 -power-law shape along the x axis. The camber angle varies from
0 deg (elliptic cone) at x l 0 75 to 12 deg at x l 1 0, with
a cosine curve to de� ne the spanwise camber. The computational
grid and the cross-sectional body shape at x l 1 0 (camber an-
gle 12 deg) are shown in Fig. 8. To resolve the sharp decrease
in the pressure near ymax , 41 cross� ow plane grid points in the cir-
cumferential direction were used. Six stations were constructed for
the nonconical axial portion of the body, and the present inverse
procedure was applied only to the last station.

Each convergence-acceleration techniquewas applied to this test
case. The body geometry convergence at zero angle of attack is
shown in Fig. 9. The converged body shape was obtained within
eight iterations and correctly reproduced the target pressure distri-
bution. There was no signi� cant difference in convergencebehavior
between the case using the regula-falsischeme and the case without
it. The convergence history looked slightly better in the case with
regula-falsi, but there is no difference in the number of iterations
required to obtain convergence.

Results for 10-deg angle of attack are shown in Figs. 10, 11a, and
11b. The number of iterations to obtain a convergedbody geometry
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Fig. 8 Cross� ow plane computational
grid for cambered body at x /l = 1.0.

Fig. 9 Body geometry convergence of the cambered body: M = 6.28
and = 0 deg.

Fig. 10 Body geometry convergence of the cambered body:M = 6.28
and = 10 deg.

was slightly higher than that of the zero-angle-of-attackcase (nine
inverse iterations). The convergence history for the body shape is
shown in Fig. 10.The pressuredistributionconvergencehistoriesare
presented in Figs. 11a and 11b. Note that the sharp decrease in pres-
sure near ymax was correctly reproduced as the iteration proceeded.
The 10 deg case showed that the method had no problem in
� nding the body shape on the upper surface, when the pressure co-
ef� cients were negativeover the entire region. The convergencebe-
haviorfor computationsincludingangle-of-attackeffectshad nearly
the same trend as that for the zero-angle-of-attackcase.

The overall computation time depends on the initial estimate of
the body geometry, freestream Mach number, and the inverse cal-
culationoptions (regula-falsi,etc.). Typical computationaltimes re-
quired to obtain the body geometry in one cross� ow plane were
approximately twice the time required to obtain a similar result
without inverse design iterations.

a) Inverse iterations 0–2

b) Inverse iterations 3–9

Fig. 11 Pressure coef� cient convergence of the cambered body: M =
6.28 and = 10 deg.

Conclusions
A new inverse method has been presented for three-dimensional

body design in the supersonic and hypersonic � ow regimes. A new
approachof modifying the bodygeometryalong the surfacestream-
line was developed with a new concept for the body slope angle.
Techniques to accelerate the convergence during the inverse itera-
tions were proposed and run successfully for three-dimensionaltest
cases. Example calculations were presented for three-dimensional
test cases with angle of attack to demonstrate the robustness of the
method in both supersonic and hypersonic � ow regimes.

This new method is robust and useful for the aerodynamic de-
sign of three-dimensional bodies in the supersonic-to-moderate-
hypersonic� ow regimes.Further studywill be focusedon the exten-
sion of the currentmethod to viscous � ow for which the parabolized
Navier–Stokes equations are valid.
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